When two or more arms are used to manipulatea large object, it is necessary to maintain and control contacts between the object and effector(s) on one or more arms. This paper addresses the dynamic control of two arms manipulating a large object with rolling contacts. In the framework presented here, the motion of the object as well as the loci of the contact points on the surface of the effectors and on the object can be directly controlled. The velocity and acceleration equations for three-dimensional rolling contacts are derived in order to obtain a dynamic model of the system. A nonlinear feedback algorithm that decouples and linearizes the system is used to demonstrate the control of rolling motion along each arm and the adaption of grasps to varying loads.
Introduction
We address the manipulation of objects with two arms by explicitly controllin the interactions at the objectarm contact. Specificaiy, we maintain rolling contact and control the rolling motion at each contact. The advantage is that large objects of different shapes can be grasped, and the grasp can be ada ted or modified hy rolling the object along the arm(sy without necessitating regrasping. This also means that the effector can be distributed throughout the entire arm. The objective therefore is t o control the object position as well as the motion of the contacts along the surfaces of each arm and the object.
The kinematic constraint equations and transformations between Cartesian (task-space) and local coordinates are presented in [2, 5, 81 . Montana [8] outlines a method for relating relative rigid body motion with rates of chan e of contact coordinates but his work is limited to &e velocity analysis. Further, his equations are not in a form that they can be differentiated for higher-order kinematic analysis. Cai and Roth [2] adopt a more general approach and obtain expressions for all higher order derivatives, but they use only a subset of the contact coordinates for each contact. The force analysis for such systems is discussed in 151.
It is well-known that three-dimensional rolling constraint equations are nonholonomic [9] . Nonholonomic systems are controllable regardless of the structure of constraints [3] . It has been shown that a nonholonomic system cannot be feedback stabilized to a single Figure 1: Two rigid bodies with point contact equilibrium point by a smooth feedback and that the system is small-time locally controllable [l] . Although such a system is not input-state linearizable, the inputoutput linearization is still possible with properly chosen output equations [la] . Motion planning of nonholonomic systems has been extensively studied [7, 61 , but the focus here is on the dynamic control [4] .
In this paper, we resent the first and second order kinematic analysis ofrolling contacts in Section 2. This is followed by the development of a general framework for the dynamic control of mechanical systems with rolling contacts which accommodates both holonomic and nonholonomic constraints in Section 3. The dynamics of two arms manipulating an object and the nonlinear feedback algorithms for control are discussed in Section 4. In an earlier paper [la], we showed that such a system under position control is input-output linearizable and has a zero dynamics which is Lagrange stable but not a3ymptotically stable. Here we pursue the input-output linearization with a suitable output equation. Finally, results from a computer simulat,ion are used to demonstrate the adaptation of two-arm grasps without regrasping and the ability to change the locations of contacts on t>he arms during a manipulation task in Section 5.
Kinematics of Point Contact
The notation and framework for kinematic analysis a.re mostly borrowed from [8] . In Figure 1 we consider two ri id objects (obj 1 and obj 2) contacting at a point. T f e contact point is the coincidence of two points pl, fixed to obj 1 and pa, fixed to obj 2 at time t . c1 and c2 are a pair of points, which do not belong to either body but move along the surface of obj 1 and obj 2 respectively so that they are instantaneously at the point of contact. Choose reference frames on obj 1 and obj 2 at point o1 and 0 2 respectively. We attach coordinate systems a t points c1 and c2. Finally, we define object fixed coordinate frames at points pl and p 2 in such a way that they coincide with c1 and c2 frames at time t.
[8, 101 that characterize the motion of the point of contact. Each surface is parametrized by two coordinates ( U ; , vi). The point of contact is characterized by the intersection of four coordinate curves (two on each surface). The corresponding coordinates u1, v1, 212 and v2 are the first 4 parameters. The fifth parameter is $, the angle of contact which is defined as the angle between the u1 and 212 curves.
r is used for position vectors, V (linear) and w (angular) for velocities, and a (linear) and a (angular) for accelerations. 52 is used to represent the skew symmetric matrix form of w . R denotes transformation matrices. xi, yi and & are the unit vectors associated with frame c i . A leading superscript is used to denote the reference frame with respect to which the quantity is measured. Note that unless otherwise specified, we refer to the vectors themselves and not to their components in a particular coordinate system. When we do refer to components, we denote these with subscripts 2 and z . A vector r with two trailing subscripts, a ak! b denotes r at point a minus r at point b. When there is only one trailin subscript then it denotes the reference frame attache$ to that point. For example, '1 Vclo, represents the difference between the velocity of point c1 and that of point 01 as measured in reference frame 01. On the other hand, O1wCl or " l Q c l represents the angular velocity of reference frame c1 when it is measured relative to the reference frame 0 1 . " R c 2 is a rotation matrix which transforms vectors in frame c2 to frame c1. Finally for any vector r and any scalars cy and p,
Closure Equations
Referring to Figure 1 , we can write the position loop equations:
We now define 5 contact coordznhes is denoted by T, a and 6 by r, n , p .
Pl

Since pi and oi are fixed in body i, Also, since c1 and c2 are always coincident,
We differentiate (1-3), and after some manipulation, get the velocity and acceleration equations:
Here Equations (4-5) represent the velocity level contact constraints and Equations (6-7) represent the acceleration level contact constraints.
Derivatives of Contact Coordinates
Let U, be the 2 x 1 vector of coordinates on obj i such that
The local contact frames (c1 and c2) are defined by
the coordinate curves:
From the definition of $,
The local surface properties are described by the metric, Mi, the curvature form, K i , and the torsion form Ti where
The first order contact kinematics relating the rate of change of contact coordinates to the rigid body velocities:
where [wz wy and [Vz Vy VzlT are the components of P2wpl and P2Vplp2 resepectively in the frame c2 and I?1 = R + I < l R + . These equations are similar to those derived by Montana [8] except that we express all the velocity vectors in the c2 frame as opposed to the c1 frame. This analysis differs from Cai and Roth [2] in that they did not consider the angle $ to characterize the contact. In order to obtain acceleration level contact constraints, we use Equations (6-7). Define, Ai, the rate of change of the components of the metric tensor:
The second order contact kinematic equations are where
[a, ay a,IT and [U, ay u,IT are the components of P a w p , and Pauplp2 respectively in the frame c2. Note that we cannot obtain these Equations (12-14) by merely differentiating Equations (8-1 1).
Example: Consider a sphere (obj 2) rolls over a plane obj 1). We embed the plane in R3 and define the 1 rame c1:
The local surface properties for the plane are:
Now for a sphere with radius p : For what is commonly known as pure rolling motion, we must further impose the no-spin condition w, = 0 in Equations (15-17).
Dynamics and Control
Constraint Equations
Let q1 be the n x 1 vector of Lagrangian coordinates. Let us assume that the mechanical system has m constraints of which ml are nonholonomic and the remaining m -ml are holonomic. All m constraints can be written in the form B(q) 9 = 0 (18) where q = [ qT UT 1' and U is the p x 1 vector of contact coordinates. The contact coordinates and the La rangian coordinates are related through the first orcfer contact kinematics equations:
Note that, in eneral, it is not possible t o inte rate this to get Cl E f i q 1 ) . Using Equations (18) a n f (19) we can write the constraint equations as
These velocities need not be integrable but they can be regarded as being time derivatives of n -m qunszcoordznates can be expressed as
l r ) ; ( t ) + .S1(q1, U ) v ( t ) (23)
Note that this involves the second order contact kinematics which is described by Equations (12, 13).
We can also express the rate of change of Ihe contact coordinates in terms of the generalized velocities v ( t ) as
S r ( q ) ] ' i s a ( n + p ) x ( n -m ) whereS(q) = [ $ ( q )
111 at r i x .
State Equations
The dynamics of the mechanical systcni can be written as :
(26)
We choose the following state variables
Substituting Equation (23) in Equation (26) we get the following state space representation of the systseni:
[ (S,TMS1)-~(--S~MSIV-S T V ) ]
+ [ ( s ; M s l ) -' S T E ] '
Assuming that the number of inputs is greater or equal to the degrees of freedom of the mechanical system, that is, T 2 n -m, and ( g M S ) -' g E has rank nm, we may apply the following nonlinear feedback to simplify the state equation
where ( A ) + denotes the generalized inverse of matrix A . Applying this feedback, the state equation becomes Thus, in general, the system (26) can be reduced t,o:
where U is an (11 -m x 1 vector of the reference input.
and we are left with a kinematic system i n (30).
Output Equations
The nonholonomic system is not input-state linearizable, but it may still be input-output linearizable if a proper set of output equations are chosen. Let us consider the position control of the system, z.e., the output equations are functions of position state variable q only. Since the degrees of freedom of the system are instantaneously n -m , we may have at most n -771 independent position components in output equations. Let the output equation be given by the following Note that the inertia 1 ' terms in the system are cancelled
where the h l ( q 1 ) specifies the object motion while the other part / ) ? ( U ) describes the contact motion For input-output linearization, we observe that y = 4.) + P(q) 11
(32)
Choosing U = P-'(zi -a) we obtain the following linearized input-output system:
Tliis can be controlled through a linear state feedback which can be designed using standard pole placement techniques.
Two Arm Manipulation
I n the kinematic model (30 , it is sufficient to consider the two end effectors and t b e manipulated object. We use subscripts 1, 2 and 3 for the first end effector, object and the second end effector respectively (see Figure 2 for an example). f l is the fixed inertial reference frame. At contacil, the contact beween objects 1 and 2, cl and c2 are contact frames associated with the end effector and the object respectively. Similarly, at contact2, c3 and c4 are associated with the second end effector and the object. For contact1 (contact2), we express the relevant vectors in the reference frame c2 (cq). 
Because the system has 10 degrees of freedom, these 12 inputs are not independent. They must satisfy the two constraints in U that arise from rigid body kinematics. First, the linear accelerations must preserve the length of r p z p , . Second, the two no-span constraints at the contacts imply that the angular accelerations of the two end effectors are dependent. We may choose the object's orientation, position and the loci of both contact points on the object as our output variables:
Computer Simulation
We consider two six-degree-of-freedom manipulators each with a flat effector on the sixth link. The object is spherical with p = O.lm. The coordinate curves on the object and effectors are shown in Figure 2 . In the simulation, it is assumed that the torsional coefficient of friction is high so that the no-spin condition is maintained. This may not be the case with contacts between rigid objects. It is however t pica1 of objects with some compliance a t the surface &r which the rigid body kinematic model would still be a good nominal model. In all the simulations, the outer linear feedback loop for (33) is designed so that each second order system h a s a small overshoot.
Grasp Adaptation:
In this example we start with a contact confi uration that requires large internal forces to stably h o d the object weight. The palms/object are rolled to the desired contact configuration so that the palms have a better mechanical advantage while simultaneously trying to move the object along a horizontal FiGure 3 while the results are shown in Figure 4 . The object motion and the motion of the contact points on the object are asymptotically stable and the response is that of a typical, underdamped second-order system. The motion of the contact points on the palm is stable in the Lyapunov sense -the tendency to "drift" is typical of nonholonomic systems.
Centering the Contact:
Here we control the loci of the contact points on the palms. We start with a configuration where the contact points on the palms are not a t their centers but at some distance away from them. Our objective is to roll the palms in such a way that the contact points are brought to the centers of the respective palms. We also move the object in a vertical straight line. The initial and final configuration of the system for this task is shown in Figure 6 and the results are shown in Figure 5 . The object motion and the motion of the contact points on the palms are seen to converge to the desired points. Note that the motion of the contact points on the object, although stable, is not explicitly controlled.
Concluding Remarks
We have presented a technique to coordinate two arms manipulating a large object with rolling contacts which allows us to explicity control the object motion as well as the rolling motion at each contact. The control algorithm is a nonlinear feedback which cancels the dynamics and decouples the outputs. The control model required the derivation of first and second order contact equations. This analysis, and the development of a general framework for multi-arm manipulation with ,- rolling contacts that is demonstrated via computer simulations, are the two main contributions of the paper. Experimental validation of these control schemes as well as other coordination algorithms [113 is the focus of on-going work.
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